Too much noise kills entanglement. This is the main problem in its production and transmission. We use a handy approach to indicate noise resistance of entanglement of a bi-partite system described by d × d Hilbert space. Our analysis uses a geometric approach based on the fact that if a scalar product of a vector s with a vector e is less than the square of the norm of e, then s = e. We use such concepts for correlation tensors of separable and entangled states. As a general form correlation tensors for pairs of qudits, for d > 2, is very difficult to obtain, because one does not have a Bloch sphere for pure one qudit states, we use a simplified approach. The criterion reads: if the largest Schmidt eigenvalue of a correlation tensor is smaller than the square of its norm, then the state is entangled. this criterion is applied in the case of various types of noise admixtures to the initial (pure) state. These include white noise, colored noise, local depolarizing noise and amplitude damping noise. A broad set of numerical and analytical results is presented. As the other simple criterion for entanglement is violation of Bell's inequalities, we also find critical noise parameters to violate specific family of Bell inequalities (CGLMP), for maximally entangled states. We give analytical forms of our results for d approaching infinity.
I. INTRODUCTION
Detection of entanglement is a fundamental problem in quantum information . Many theoretical works have been done to establish a criterion to identify multipartite entanglement [1-5, 17, 18] . Although not all of these works have direct impact on experiments, still they provide a mathematical background to understand the phenomena.
An arbitrary density operator for two qudits can be written as
where T ij , T 0i , T i0 are components of the correlation tensorT , and M i (except i = 0) are the generalized GellMann matrices (see Appendix A for details) with M 0 = In [6] it has been shown that the correlation tensor could be utilized to construct entanglement indicators. The nonlinear character of the resulting entanglement indicator of [6] make them more versatile than linear entanglement witnesses. The study of [6] was mainly done for multi-qubit systems. Here, we use the geometric approach of [6] to detect entanglement for pairs of systems, more complicated than qubits. In our approach we do not study the dynamics of noise, but we concentrate on properties of the state after evolving through a noisy channel. The white noise usually arises due to imperfections in experimental set up, while a "colored" noise can appear when multi particle entanglement is produced via multiple emissions [7] . We also analyze the effects of different local noises, modeling random environment and dissipative process [8] .
We find that in some of the cases there exist significant differences in numerical values of the critical noise admixture parameters for having entanglement after a transfer via various noisy channels. A study of this kind was done for qubits in Ref. [9] . Here, we study higher dimensions. Note that, a different approach to obtain the criterion of separability of entangled qutrits in noisy channel is given in Ref. [10] .
Another way to detect entanglement is to violate Bell inequalities [11] . In our paper, we discuss resistance to noise of Bell-type inequalities for arbitrary dimension d, e.g. Collins-Gisin-Linden-Massar-Popescu (CGLMP) inequality [12] .
II. SIMPLIFIED ENTANGLEMENT CONDITION
Separable states can be described by a fully separable extended correlation tensor,T sep = i p iT 2 -dimensional generalized Bloch vector of kth single qudit subsystem. To produce entanglement conditions we employ a geometrical approach based on correlation functions, which was introduced in Ref. [6] . The criterion has the following form: the state ρ described by its correlation tensorT is entangled, if
The scalar product may be defined in various ways, provided it satisfies all required axioms. However the simplest choice is :
In such a case, the maximum of the left-hand side of Eq. (2) can be obtained by the highest generalized Schmidt coefficient of the correlation tensorT as
where m k is a (d 2 −1)-dimensional generalized Bloch vector which describes a quantum state of kth subsystem. Note that, for d > 2 we do not have a Bloch sphere. Thus m k 's represent the admissible Bloch vectors which represent a physical state. One can also take the maximum of the left-hand side of (2) as the square root of the highest eigenvalue of T T † , denoted by L max . However, note that L max ≥ T max , and this estimate gives a less robust criterion for entanglement. Still it is technically much easier, and thus we shall use it.
III. BASIC AIMS
We analyze entanglement of bipartite quantum states which are initially pure. For technical reasons we always put them in the Schmidt form:
We study various noisy channels, i.e., white, product, colored, local depolarizing and amplitude damping. In some cases, one can define a critical parameter v crit for the noisy output, of the form ρ(v) = v|ψ ψ|
is entangled. The action of a channel on a density matrix of a twoqudit can also be written in terms of its operation elements, more precisely ρ
† , where E l is an operation element of the channel parametrized by p, a certain strength parameter to be specified later. We define this parametrization in such a way, so that p = 1 defines no noise, just unitary(local) evolution, while p = 0 signifies the maximally noisy state leaving the channel. Hence, one can show presence of entanglement by satisfying the condition p > p
Thus such a description is a generalization of the one involving v crit . We introduce a quantity
to compare different noisy channels on the same footing. In order to check the entanglement condition (2), we put the correlation tensor of a state (5) in a Schmidt form itself. The general form of the tensor elements is given in Appendix C. Note that the Schmidt form of the state (5) does not imply a diagonal form of the corresponding tensor. Even for a two-qutrit state non-diagonal elements appear. This is not the case for qubits. Because of, the above reason, calculations of L max require the diagonalization of the tensor, which is a computationally difficult problem even for small d. For white, product, and colored noises we analytically compute the critical parameter v d crit,EN T for the maximally entangled states (diagonal form of the correlation tensor)of a pair of qudits:
We present results for arbitrary d and for
We also analyze all non-maximally entangled pure initial states of qutrits (d = 3), parametrized as follows:
The study is also done for lower Schmidt rank states, for d = 3, 4:
where k < d and
IV. RESULTS FOR VARIOUS TYPES OF NOISE
A. White noise White noise is represented by an admixture of the totally mixed state. A mixture of white noise and two-qudit pure state |ψ can be written as
Since white noise has no correlations, the correlation tensorT (v) for the state ρ white (v) is given byT (v) = vT . In the case of the maximally entangled state, only diagonal components of the tensor are nonzero and given by In Table II we present the numerical results for states (9) . They are for two-qutrit states of the Schmidt form
(|11 +|22 ), and of two-ququart states
(|22 +|33 ) and
All this is compared with proper maximally entangled states. The analysis shows that the lower is the Schmidt rank of such states the more fragile is their entanglement.
White noise treated as local depolarizing noise
A d-dimensional quantum state exiting a local depolarizing channel is given by
The use of such a formalism gives us a method of estimating how much noise (disturbance) is introduced per qudit. With probability 1 − r the initial state ρ still remain unaltered by the decoherence. To describe the local depolarizing effect on a two-qudit system, one can use the following transformation of the generalized GellMann matrices:
where k ∈ {1, 2, . . . , d 2 − 1}, and make the replacement in
For the maximally entangled state (7), after such a transformation only diagonal components of the correlation tensor are nonvanishing, and they read Therefore, we have
We see that when d → ∞, p d crit,EN T → 0. Thus with increasing d the maximal entanglement is more and more resistant with respect to the depolarizing noise.
Our study for arbitrary (initially) pure states of two qutrits (8) gives Fig. 2 . It is entangled for all α and β except those related to product states: α = 0, {α = (15) is entangled for the critical visibility approaching 0.6039.
B. Product noise
We consider the following output states:
where crit,EN T = 1 for product states, whereas in the limits α → 0, {α → π/2, β → 0}, or {α → π/2, β → π/2}, the state (15) is entangled for the critical visibility approaching 0.6039. In other words, our geometrical method is very sensitive in the presence of product noise.
C. Colored product noise
In the special case of output states
withπ c = |d − 1 d − 1|, the correlation tensor of the state (16) has the following non-vanishing components:
In order to get more efficient entanglement condition, we consider a generalized version of the criterion of Eq. (2) max
where now the scalar product is defined by a positive semidefinite diagonal metric G [6] :
We consider a diagonal metric G with the following nonzero elements:
It implies that the state ρ c (v) is always entangled except v = 0, i.e., even for an infinitesimally small v the state is entangled.
D. Amplitude damping noise
An amplitude damping channel can be described by a process of energy dissipation of a quantum system to environment. The transition of excitation occurs between excited state and the ground state with a finite probability. No transition is allowed between excited states. Such an amplitude damping channel can be described by:
where
The transformation of the generalized Gell-Mann matrices is given by
is the symmetric (or antisymmetric) Gell-Mann matrices (see Appendix A for details). Here, we do not consider the transformation rule for diagonal Gell-Mann matrices as they are redundant in later calculation. For the two-qudit maximally entangled state (7), we have the following nonzero components of the correlation tensor
, still they do not have any impact in our calculation to obtain the sufficient condition for entanglement. More precisely, to calculate the critical value p crit for amplitude damping noise with a specific combination of components of correlation tensor, we use the generalized criterion (18) involving the diagonal metric; G ii = 1 for i ∈ {1, 2, . . . , d
2 − d} and other components are zero. As a result, we have
. Thus, the entanglement criterion (18) 
where Also, we check critical parameter in (6) for the maximally entangled state (7). Here ||T (p
Due to our entanglement criterion we obtain lower value for ξ(p 3 crit,EN T ) for a specific non-maximally entangled state Eq. (8) than the maximally entangled state (7) while analyzing for amplitude damping noise. The corresponding non-maximally entangled state is |ψ( Table II .
V. TESTING ENTANGLEMENT WITH BELL INEQUALITIES
In this section, we analyze noise resistance of violation of Bell-type inequalities for the bipartite quantum states (5) . To this end, we employ the CGLMP inequality in- ) (8) troduced in Ref. [12] , which can be written as
We compare robustness of violation of the CGLMP inequality, with respect to white noise, in case of the maximally entangled state |ψ d max (7), presented in [12] with robustness of violation by the same state under different noisy channels. 
A. White noise
In this section we give an analytical solution for the critical visibility to violate the inequality 25 with the maximally entangled states and then consider the case for d → ∞.
Since white noise does not contribute to the violation of the CGLMP inequality (25) as stated in Ref. (25), the quantum value for the state ρ white (v) in Eq. (10) is given by
Therefore the critical parameters for the violation of the CGLMP inequality (25) are given by
and equal: v that the lowest critical visibility for the CGLMP inequality is achieved by non-maximally entangled states [14] and studied in details (for d = 3) in Ref. [15] . The lowest critical visibility (v 3 crit,LR =0.6861)(Ref. [15] ) to violate CGLMP inequality in d = 3 is obtained for non-maximally entangled state |ψ 3 (1.0601, 0.7854) (see (8)). For this specific non-maximally entangled state |ψ 3 (1.0601, 0.7854) , we obtain v 3 crit,EN T = 0.2883.
White noise treated as local depolarizing channel
In this section we check the robustness of CGLMP inequality in a local depolarizing channel with maximally entangled state |ψ 
Since the noise part does not contribute to the Bell expression (25) with quantum mechanical observables, leads to the following condition for the critical parameters for the violation of (25):
where p 
B. Colored noise
In this section we check the violation of CGLMP inequality by the maximally entangled state , |ψ 
We numerically check the critical parameters for d = 2, 3, 4, 5, 10. The results are given in Table III .
We see that the critical parameter increases with the dimension. It has a tendency to attain saturation for very large d. We give an analytical result for d tends to ∞ in Appendix (D). However, the lowest critical visibility (p Tab. III) with the same parameter obtained in case of amplitude damping noise but in lower dimensions the variation in p d crit,LR in case of amplitude damping noise differs with the one for local depolarizing noise.
D.
Fidelity of quantum states with critical noise
In this section we give analytic expression of fidelity, i.e., the measure of closeness between two quantum states, e.g., the state after noisy channel with the pure state (here we only consider the maximally entangled state (7)) of the system under investigation.
Usually fidelity F for two quantum states is defined as φ|ρ|φ , where φ is a pure state whereas ρ is a mixed state. We choose (7) as φ, and ρ is parametrized by critical parameters v (10), (28), and (30) for white , local depolarizing, and amplitude damping channels, respectively. The corresponding critical fidelity is written as:
for white noise,
for local depolarizing noise,
for amplitude damping noise.
We obtain identical value for F d crit,LR for white and local depolarizing channel but it differs with critical fidelity parameter for amplitude damping noise in finite dimension. But, they coincide when d → ∞. To show comparison between critical values of fidelity parameter for different noises we write down our results for specific dimensions in a tabular form in Tab. IV.
E. Werner gap
In Table V, 
VI. FINAL REMARKS
We analyze entanglement of bi-partite qudit systems using a special class of entanglement identifier defined with correlation tensors (2) . To employ the criterion, in some cases we use operator-sum representations of the transformed states to describe the action of different noisy channels. We characterize the entanglement with a set of parameters, e.g., v The generalized Gell-Mann matrices in an arbitrary dimension d are the generators of the Lie algebra associated to the special unitary group SU(d). A recipe for the construction of the generalized Gell-Mann matrices is given in the next paragraph.
Let λ j,k denote a matrix with a 1 in the (j, k)-th entry and 0 elsewhere. This leads one to define three groups of matrices: (a) symmetric group; M ) and other one applies conjugate U * F T and at last they measure in their original bases. Experimentally it can be realized by using phase shifter and multi-port beam splitter on each side. Here, we denote P AD QM (A s = a, B t = b) as the joint probability that Alice obtain the outcome a from the measurement A s and Bob obtain the outcome b by measuring B t for a given state ρ AD (r) in Eq. (30). Then, the joint probability reads To apply this joint probability into the CGLMP inequality in Eq. (25), we follow the definition introduced in Ref. [12] :
Also due to the symmetrical structure, the probability can be computed using simplified definition: 
where q k (r) = P
